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Instractions :

l)

Answer any five questions, without omitting any Unit.
2) All questions carry equal marks.

UNIT _

1.a)

1

State and prove ttre Jensen's inequality. Give an example of a random variable
for which the inequality becomes equality.

b) Obtain the distribution for which the rft cumulant is

2.

a)

K

= p(r

-

1) !.

What are tail events ? What can you say about the probabilities of tail events
of a sequence of independent random variables ? Let {A.} be a sequence of
independent events with P (A,)

= ] for all n, obtaiq.limAn and iim A".

Examine whether {An} converges.
b) Define a martingale. Give an example of a martingaie sequence. State and
prove a necessary and sufficient condition for a sequence {X.} to be a
martingale sequence.

UMT_2
3.a) State the inversion theorem. If the characteristic function Q a distribution
function F is absolutely integrable, show that F is absolutely continuous with

p.d.r. f(x)

b)

If

=f

T

"-".

Qt,) 0,

)

q1r; =

g-t- , obtain the densiry function.
P.T.G
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4. a) If

1

Q(.) is a characteristic function, show that

i) 0 (.) is continuous
ii) 0(- u) = Q(u) , where Q(u)
is the complex conjugate of Q (u). Also show that if the re absolute moment
is funite and the characteristic function is differentiable r times,
6{r) (u)

= J(ix)' er* dF (x).

b) StateBochner'stheoremanddiscussitsuses.Alsodescribethepropertiesofa
moment sequence.

UNIT

5.

a) Prove that

Xn ^

>

-

X if and only if as m -+ oo

. { ; [*,r x,(w)-X(w) l=ll]+
r J)
[u:"1

0 roralrr,aninreger.

b) Define the convergence in distribution of a sequence of random variables.
What is its role in statistics ? Give an example to show that convergence in
distribution does not imply convergence of moments.

6. a) Define convergence in probability ofa

sequence ofrandom variables

{\}. If

f(x) is a continuous real valued function and -ln
a- -J-.1 X. thert show that
p

f(X,r ----+ f(X).
b)

State and prove the Slustky theorem. Explain, in brief, the

utility of the theorem.

UNIT _ 4

7. a) Distinguish between

weak and strong law of large numbers.

b).Examine whether the law of large numbers hold for the sequence of
independent random variables {xk} with distribution

P{xk-

xzkl-l; k>t
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-J-

c) Denote bv

ol

=

V(Xk). Show that the weak law of large numbers holds for

a sequence of independent random variables

{Xk}

if i of lrr' --rO.
I

8. a) State and prove Kolmogrov's three series theorem.
b) If the mutually independent random variable Xu have a common distribution
{f(x,) } and if p = 611u; exists, then show that the strong law of large numbers
applies to the sequence {Xu}.

UNIT

-

9. a) What is a central limit Problem ? State

5

and prove the Lindberg-Levy form

of

b) Let {X"} be a sequence of independent random variables such that X*

is

the central

limit theorem.

normal with mean zero and variance

*,rrr1.
2'

Show that

{X,}

obeys the

C.L.T., but the Lindberg-Teller condition fails.

i0. Write short notes on:
i) Infinitely divisible distribution
ii) Multivariate central limit theorems
iii) Implications between the Liapnov, Lindberg-Levy and Lindberg-Feller
conditions for the C.L.T.

iv) Law of iterated logarithms.

